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0 Introduction 

This paper proposes a conjectural picture for the structure of the Chow ring CH*(V) of a 
(projective) hyper-Kahler variety V, that seems to emerge from the recent papers [9], [23] . 
[24], [25], with emphasis on the Chow group CHo(V) of 0-cycles (in this paper, Chow groups 
will be taken with Q-coefficients). Our motivation is Beauville’s conjecture (see [5]) that 
for such an X, the Bloch-Beilinson filtration has a natural, multiplicative, splitting. This 
statement is hard to make precise since the Bloch-Beilinson filtration is not known to exist, 
but for 0-cycles, this means that 


CHo(V) = ©CHo(V)„ 

where the decomposition is given by the action of self-correspondences of V, and where 
the group CHo(V)i depends only on (i,0)-forms on X (the correspondence Ti should act 
as 0 on for j ^ i, and Id for i = j). We refer to the paragraph 10.11 at the end of 
this introduction for the axioms of the Bloch-Beilinson filtration and we will refer to it in 
Section [3] when providing some evidence for our conjectures. Note that a hyper-Kahler 
variety X has iJ®’°(V) = 0 for odd i, so the Bloch-Beilinson filtration Fbb has to satisfy 
F|j^CHo(V) = Fyg'^CHo(V) when i is odd. Hence we are only interested in the F]}g- 
levels, which we denote by F'^bb- Note also that there are concrete consequences of the 
Beauville conjecture that can be attacked directly, namely, the 0-th piece CH(V)o should 
map isomorphically via the cycle class map to its image in H* {X, Q) which should be the 
subalgebra H*{X,Q)aig of algebraic cycle classes, since the Bloch-Beilinson filtration is 
conjectured to have FggCll*{X) = CH*{X)hom- Hence there should be a subalgebra of 
CH*(V, Q) which is isomorphic to the subalgebra H'^*{X,Q)aig C iF^*(V, Q) of algebraic 
classes. Furthermore, this subalgebra has to contain NS(V) = Pic(V). Thus a concrete 
subconjecture is the following prediction (cf. [S]): 

Conjecture 0.1. (Beauville) Let X be a projective hyper-Kahler manifold. Then the cycle 
class map is injective on the subalgebra o/CH*(V) generated by divisors. 

This conjecture has been enlarged in [28] to include the Chow-theoretic Chern classes of 
V, Ci{X) := Ci{Tx) which should thus be thought as being contained in the 0-th piece of 
the conjectural Beauville decomposition. Our purpose in this paper is to introduce a new 
set of classes which should also be put in this 0-th piece, for example, the constant cycles 
subvarieties of maximal dimension (namely n, with dimV = 2n, because they have to be 
isotropic, see Section [T|) and their higher dimensional generalization, which are algebraically 
coisotropic. Let us explain the motivation for this, starting from the study of 0-cycles. 

Based on the case of S'!"! where we have the results of [4], [22], [25] that concern the CHq 
group of a iF3 surface but will be reinterpreted in a slightly different form in Section [J] we 
introduce the following decreasing filtration S. on CHo(V) for any hyper-Kahler manifold 
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(the definition can in fact be introduced for any algebraic variety but we think it is interesting 
only in the hyper-Kahler case). 

First of all, recall that the orbit Ox of a point x € X under rational equivalence, defined 
as 

Ox = {y G X, y =rat X in X}, 

is a countable union of closed algebraic subsets of X. It thus has a dimension, which is the 
supremum of the dimensions of the closed algebraic subsets of X appearing in this union. 
If AiuiOx = *, there exists a subvariety Z <Z X oi dimension i, such that all points of Z are 
rationally equivalent to a; in X. The variety Z is by definition a “constant cycle subvariety” 
in the sense of Huybrechts [T^ . 

Definition 0.2. We define SiX C X to be the set of points in X whose orbit under rational 
equivalence has dimension > i. 

The filtration S. is then defined by letting 5'iCHo(X) be the subgroup o/CHo(X) generated 
by classes of points x G SiX. 

The set SiX C X is a countable union of closed algebraic subsets of X and by definition 
S'iCHo(X) is the Q-vector subspace of CHo(X) generated by the points in SiX. 

Let us explain the relationship between this definition and the one introduced by O’Grady 
in [^. O’Grady introduces a decreasing filtration Sqg on the GHq group of a X3 surface 
S, defined (up to a shift of indices) by 

SoG,^C^^o{S)d = {z€ GHo(5)d, z=sz' + i os, z' G (1) 

Here, GHo(5')(i is the set of 0-cycles of degree d modulo rational equivalence on S, and 
os G CHo(5')i is the “Beauville-Voisin” canonical 0-cycle of S introduced in [4]. The symbol 
=5 means “rationally equivalent in S”. A variant of this definition where we replace rational 
equivalence in S by rational equivalence in S'!"! (or equivalently 5'*-”^) provides a filtration 
N. on CHo(5'[”l), namely 

X,CHo(5["l) = Im ((zos), : GHo(5[”-*l) ^ CHo(5[”i)). (2) 

This filtration exists for any surface S equipped with a base-point. It depends however on 
the choice of the point, or at least of the rational equivalence class of the point. Here, the 
only specificity of X3 surfaces is thus the fact that there is a canonically defined rational 
equivalence class of a point, namely the canonical zero-cycle 03 . It is proved in [251 Theorem 
1.4] that an equivalent definition of O’Grady’s filtration ([1]) on CHo(S') can be given as 
follows (here we are assuming z > 0 and the assumption “dim > 0” means in particular 
“non-empty”): 

5'oG.iGHo(S')d = {z e CHo(S')d, dimOf > i}. (3) 

Here Of C is the orbit of z for rational equivalence in S, that is 

of = {z' G z' =s z}. 

Note that this is different from the orbit Oz of z as a point of 5’*'"^ or S'!"! for rational 
equivalence in S'!"!. One has however the obvious inclusion Oz C Of which will be exploited 
in this paper. As we will prove in Section [JJ the main result in |25j also implies 

Theorem 0.3. (Cf. Theorem \2.5\) The filtration S. introduced in Definition \0.2\ coincides 
with the filtration N. of (0) on 0-cycles on S'!"], when S is a K3 surface and 03 is a point 
representing the canonical 0-cycle of S. 

On the other hand, for any surface S and choice of point 03 , the filtration N. provides 
a splitting of the Bloch-Beilinson filtration on CHo(S'["']) (see Proposition [2]2] in Section [2]). 
Hence, when S' is a X3 surface and 03 is the canonical 0-cycle, the filtration S. provides 
a splitting of the Bloch-Beilinson filtration on GHo(S[”i). Our hope and guiding idea in 
this paper is that this is the general situation for hyper-Kahler manifolds. A first concrete 
conjecture in this direction is the following: 
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Conjecture 0.4. Let X be projective hyper-Kdhler manifold of dimension 2n. Then for 
any nonnegative integer i < n, the set 

SiX := {x S X, dimOa; > z} 


has dimension 2n — i. 

The case i = n, that is Lagrangian constant cycles subvarieties, was first asked by 
Pacienza (oral communication). This conjecture and the axioms of Bloch-Beilinson filtration 
would imply in particular that the natural map 

.5,CHo(X) ^ CHo(X)/F'bb^'cHo(X) 

is surjective (see Lemma |3.9D . We conjecture in fact that this map is an isomorphism (cf. 
Conjecture 10.8|) . 

A good evidence for Conjecture 10.41 is provided by the results of Charles and Pacienza 
[S], which deal with the deformations of S'!"! (case i = 1), and the deformations of (case 
i = 2), and Lin |16j who constructs constant cycles Lagrangian subvarieties in hyper-Kahler 
manifolds admitting a Lagrangian fibration. Another evidence is given by the complete 
family of hyper-Kahler 8-folds constructed by Lehn-Lehn-Sorger-van Straten in m that we 
will study in Section |4] (see Corollary 14.91) . We will prove there that they satisfy Conjecture 
EH In fact, we describe a parametrization of them which should make accessible for them a 
number of conjectures made in this paper, or [^, by reduction to the case of the variety 
of lines of a cubic fourfold. 

We will explain in Section [T] that Conjecture 10.41 contains as a by-product an existence 
conjecture for algebraically coisotropic (possibly singular) subvarieties of X of codimension 
i. By this we mean the following: 

Definition 0.5. A subvariety Z C X is coisotropic if for any z € Z^eg, Tzz C Tz,z- 

Here a is the (2, 0)-form on X. Given a coisotropic subvariety Z C X, the open set Zreg 
has an integrable distribution (a foliation) given by the vector subbundle with fiber 

C Tz^z, or equivalently, the kernel of the restricted form a\z which has by assumption 
the constant minimal rank. 

Definition 0.6. A subvariety Z G X of codimension i is algebraically coisotropic if the 
distribution above is algebraically integrable, by which we mean that there exists a rational 
map (j) ■. Z B onto a variety B of dimension 2n — 2i such that a\z is the pull-back to Z 
of a {2,0)-form on B, a^z = 4 >*^b- 

Any divisor in a hyper-Kahler variety is coisotropic. However, only few of them are 
algebraically isotropic: In fact, Amerik and Campana prove in [5] that if n > 2, a smooth 
divisor is algebraically isotropic if and only if it is uniruled. The regularity assumption here 
is of course crucial. 

The link between Coniecture l0.4l and the existence of algebraically coisotropic subvarieties 
is provided by Mumford’s theorem [21] on pull-backs of holomorphic forms and rational 
equivalence. The following result will be proved in Section jT] where we will also describe 
the restrictions satisfied by the cohomology classes of coisotropic subvarieties. 

Theorem 0.7. (Cf. Theorem \1.3\) Let Z he a codimension i subvariety of a hyper-Kdhler 
manifold X. Assume that any point of Z has an orbit of dimension > i under rational 
equivalence in X (that is Z G SiX). Then Z is algebraically coisotropic and the fibers of 
the isotropic fibration are i-dimensional orbits of X for rational equivalence. 

In Section El starting from the case of S'!"!, where things work very well thanks to 
Theorem 10.31 we will then discuss the following next “conjecture”: 

Conjecture 0.8. Let X be a projective hyper-Kdhler manifold of dimension 2n. Then the 
filtration S. is opposite to the filtration and thus provides a splitting of it. 
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Concretely, this means that 

S^GRoiX) ^ CHo(X)/F'”b+^CHo(X) (4) 

for any i > 0. Assuming (j4]) holds, we have a natural decomposition of CHq into a direct 
sum 

cho(a:) = ©,cho(a:)2„ 

where CHo(Ar) 2 j := S'„_jCHo(X) n FggCRoiX), and this gives a splitting of the Bloch- 
Beilinson filtration. 

We will explain in Section [3] how this conjecture would fit with the expected multiplica- 
tivity property of the Beauville filtration, and in particular with the following expectation: 

Conjecture 0.9. The classes of eodimension i subvarieties of X contained in SiX belong 
to the 0-th piece of the Beauville decomposition and their cohomology classes generate the 
space of coisotropic classes. 

Again, this has concrete consequences that can be investigated for themselves and in¬ 
dependently of the existence of a Bloch-Beilinson filtration, namely the fact that the cycle 
class map is injective on the subring of CH(Ar) generated by these classes and divisor classes. 

The paper is organized as follows: In section[TJ we will describe the link between families 
of constant cycles subvarieties and algebraically coisotropic subvarieties. In section [2l we 
will compare the flltrations N. and S. for X = Hilb(Ar3). Section |3] is devoted to stating 
conjectures needed to construct a Beauville decomposition starting from the filtration S.. 
Finally, Section |3] will provide a number of geometric constructions and various evidences 
for these conjectures, in three cases: Hilbert schemes of A"3 surfaces, Fano varieties of lines 
of cubic fourfolds, and finally the more recent 8-folds constructed in m starting from the 
Hilbert scheme of cubic rational curves on cubic fourfolds. 

Thanks. I thank F. Charles, K. O’Grady, G. Pacienza and G. Sacca for interesting 
discussions related to this paper. 

0.1 Bloch-Beilinson filtration 

The Bloch-Beilinson filtration on the Chow groups with Q-coefficients of smooth pro¬ 
jective varieties is a decreasing filtration which is subject to the following axioms: 

1. It is preserved by correspondences: If F G CH(A xT), then for all *’s, F*(F*CH(X)) C 
F*CH(r). 

2. FOCH(X) = CH(A), FiCH(X) = CH(A:)w 

3. It is multiplicative: F®CH(A) • F'’CH(A) C F*+'lCH(X), where ■ is the intersection 
product. 

4. F*+^CH*(A:) = 0 for all i and AT. 

Note that items [3] and |3] imply that a correspondence F G CH(AI x Y) which is cohomologous 
to 0 shifts the Bloch-Beilinson filtration: 

F4F*CH(X)) C F^+^CR{Y). (5) 

One can also be more precise at this point, namely asking that GFpCR'' {X) is governed only 
by F[^^~'^{X) and its Hodge structure. Then JS]) becomes: 

r*(F*CH'(A:)) c F*+^CH'+’'(y), (6) 

if [F]* : Q) —>■ Q) vanishes (so we are considering only one Kiinneth 

component of [F] G x T, Q), where n = dim AT, F G CH’’^"(Ar x T)). The 
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reason why, assuming a Bloch-Beilinson filtration exists, the graded pieces of it for 0-cycles 
depend only on holomorphic forms is the fact that according to (O, Gr^ CHo(X) should be 
governed by the cohomology group Q) or dually On the other hand, 

CHo(X) is not sensitive to the cohomology of X which is of geometric coniveau > 1, that is, 
supported on a divisor, hence assuming the generalized Hodge conjecture holds, it should be 
sensitive only to the group H’’{X, Q)/H'^ {X, Q), where N^H^{X, Q) is the maximal Hodge 
substructure of H^(X, Q) which is of Hodge coniveau > 1, that is, contained in F^W{X, C). 
But clearly H^{X,Q)/N^H^{X,Q) = 0 if and only if H^^°{X) = 0. 

We will refer to the set of axioms above in the form “if a Bloch-Beilinson hltration exists”, 
with the meaning that it exists for all X (this is necessary as the axiom [1] is essential). 

Note that there exist many varieties for which there are natural candidates for the Bloch- 
Beilinson filtration (for example surfaces) but apart from curves and more generally varieties 
with representable Chow groups, none are known to satisfy the full set of axioms above. 


1 Constant cycles subvarieties and coisotropic classes 

Let X be a smooth projective variety over C and let / : Z —>■ X be a morphism from a 
smooth projective variety admitting a surjective morphism p : Z ^ B, where B is smooth, 
with the following property: 

(*) The fibers of p map via f to “constant cycle” subvarieties, 

that is, all points in a given hber of p map via / to rationally equivalent points in X. 
Mumford’s theorem m then implies: 

Lemma 1.1. Under assumption (*), for any holomorphic form a on X, there is a holo¬ 
morphic form as on B such that f*a = p*aB- 

Proof. Let C Z be a closed subvariety such that p^gi =: p' is generically finite and let 
N := degH'/H, /' := f\B'- We have two correspondences between Z and X, namely L/, 
which is given by the graph of /, and L', which is defined as the composition with p of the 
correspondence 

r" :=l(p',/d),(r /0 

between B and X. Assumption (*) says that 

r*=C : CHo(Z) ^ CHo(A). 

Mumford’s theorem then says that for any holomorphic form a on A, one has 
f*a = T}a = T'*a = (L" o p)*a = p*{T"*a), 

which proves the result with as = r"*Q:. □ 

We now consider the case where A is a projective hyper-Kahler manifold of dimension 
2n with holomorphic 2-form cr. A particular case of Lemma 11.11 is the case where H is a 
point, which gives the following statement: 

Corollary 1.2. Let T C X be a constant cycle subvariety. Then F is an isotropic subvariety, 
that is 

= 0 - 

In particular, dimF < n, and in the case of equality, T is a Lagrangian (possibly singular) 
subvariety. 

We are interested in this paper to coisotropic subvarieties whose study started only 
recently (see m. la). Such subvarieties can be constructed applying the following result: 
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Theorem 1.3. Assume SiX (see Definition \U.‘A) contains a closed algebraic subvariety Z 
of codimension < i. Then: 

(i) The codimension of Z is equal to i and (the smooth locus of) Z is algebraically 
coisotropic (see Definition \0. 6\) . 

(ii) Furthermore, the general fibers of the coisotropic fibration Z ---> B are constant 
cycles subvarieties of X of dimension i. 

Proof. By assumption, for any z G Z, there is a subvariety Kz C X which is contained in 
Oz and has dimension i. Using the countability of Hilbert schemes, there exists a generically 
finite cover a : Z' ^ Z C X, and a family p : K —>■ Z' oi varieties of dimension i over Z', 
together with a morphism f : K ^ X satisfying the following properties: 

1. For any k £ K, f{k) is rationally equivalent to a op(k) in X. 

2. The morphism / restricted to the general fiber of p is generically finite over (or even 
birational to) its image in X. 

Property [T] and Lemma 1 1.1 1 imply that 

ra=p*{a*a)mH^{K,nl). (7) 

Formula o tells us that the 2-form f*a has the property that for the general point 
k G K, the tangent space to the fiber Kk of p passing through k is contained in the 
kernel of /*cr|fc G Equivalently, the vector space f^iTK^) C Txj{k) is contained in the 

kernel of the form at the point f{k). From now on, let us denote Z" := f{K) C X. 

By assumption [21 f*[TKt,) has dimension i for general k, and because a is nondegenerate, 
this implies that the rank of the map f at k is at most 2n — i. By Sard’s theorem, it follows 
that Z" has dimension < 2n — i and that the generic rank of the 2-form g\z" is at most 
2n — 2i. Hence the rank of the 2-form f*a = p*{a*a) on K is at most 2n — 2i, and as p 
is dominating and a is generically finite, this implies that the rank of o^Zre. i® — 2n — 2i. 
Hence Z satisfies codim Z > i, hence in fact codim Z = i, and furthermore the rank of <j\z 
is equal to 2n — 2i, so that Z is a coisotropic subvariety of X. 

Let us now prove that Z is algebraically coisotropic. We proved above that the varieties 
f{Kk) C Z" have their tangent space contained in the kernel of the form cr|z". Let now 
F C /t" be a subvariety which is generically finite over Z' and dominates Z”. Such a F exists 
since we proved that dimZ" <2n — i = dimZ'. Denote by 

/r : F ^ Z", qr-.T^Z 

the restrictions to F of / and aop respectively. Restricting © to F gives 


f({a\z") =qU<^\z) inH°(T,nl). (8) 

The varieties ff^{f{Kk)) are tangent to the kernel of the form f({a\z"): hence of the form 
q((cr^z), which means that their images 

qriff\f{Kk))) C Z 

are tangent to the kernel of the form a\z- As they are (for general fc) of dimension > i because 
qr is generically finite, and as dim Z = 2n—i, one concludes that they are in fact of dimension 
i, and are thus algebraic integral leaves of the distribution on Z^eg given by Kercri^. One 
still needs to explain why this is enough to imply that Z is algebraically coisotropic. We 
already proved that Z is swept-out by algebraic varieties Zt which are f-dimensional and 
tangent to the distribution on Zreg given by Kerui^. We just have to construct a dominant 
rational map Z —^ B which admits the Zfs as fibers. However, we observe that if B is the 
Hilbert scheme parameterizing f-dimensional subvarieties of Z tangent to this distribution 
along Zregi and M B is the universal family of such subvarieties, the morphism M ^ X is 
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birational since there is a unique leaf of the distribution at any point of Zreg- This provides 
us with the desired fibration. This proves (i). 

(ii) We have to prove that the fibers of the coisotropic fibration of Z are constant cycle 
subvarieties of X of dimension i. By construction, they are the varieties qr{ff^{fiKk))), 
k € K. But f{Kk) is by definition a constant cycle subvariety of dimension i of X, all of 
whose points are rationally equivalent to a op(fc), by condition [TJ It follows from condition 
[T]again that all points in qr{ff^{f{Kk))) are rationally equivalent in X to /(fc). 

□ 


1.1 Classes of coisotropic subvarieties 

This subsection is devoted to the description of the restrictions on the cohomology classes of 
coisotropic subvarieties of a hyper-Kahler manifold X of dimension 2n > 4. More precisely, 
we will only study those classes which can be written as a polynomial in divisor classes 
and the class c € S^H^(X,Q) C il^(X,Q) defined as follows: The Beauville-Bogomolov 
form q on H^{X, K), which is characterized up to a coefficient by the condition that for any 
XeH^iX,Q), 

[ X^-=f,xq{Xr ( 9 ) 

Jx 

for some nonzero constant fix-, is nondegenerate. The form q provides an invertible sym¬ 
metric map 

H\X,Q)^ H^{X,Q)* 

with inverse 

c G liomsym{H^X,Qy,H\X,Q)) = S^HyX,Q) C H\X,Q). 

It is also easy to check that for every nonnegative integer i < n, there exists a nonzero 
constant fii^x such that for any A G H^{X,Q) 

[ c*a2-2* = (10) 

Jx 

Our goal in this section is to compute the “coisotropic classes” which can be written as 
polynomials P{c,lj), where Ij G NS^(X). The following lemma justifies Definition 11.51 of a 
coisotropic class: 

Lemma 1.4. Let Z C X be a codimension i subvariety and let [Z] G Q) its coho¬ 

mology class. Then Z is coisotropic if and only 

[cr]"-*+i U [Z] = 0 in i/2"+2(x,C), (11) 

where [a] G H‘^{X,C) is the cohomology class of a. 

Proof. Indeed, Z is coisotropic if and only if the restricted form a\z has rank 2n — 2i on 
Zreg, which is equivalent to the vanishing 

(12) 

We claim that this vanishing in turn is equivalent to the condition 

y = 0 in c). (13) 

Indeed, (fT^ clearly implies (fl^ . In the other direction, we can assume i > 2 since the 
for i = 1 there is nothing to prove (all divisor classes are coisotropic). The vanishing of 
[ay~'‘~^^U[Z] in i7^"+^(X, C) then implies that the cup-product 

vanishes in i7^"(X, C), where I is the hrst Chern class of a very ample line bundle L on X, 
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so that (1121) implies the vanishing of the integral A where Z' C Z is the 

complete intersection of i — 2 general members in |L| and the integral has to be understood 
as an integral on a desingularization of Z'. But the form can be written 

(along Z'gg) as rkj v where z/ is a volume form on and the continuous function / is 

real nonnegative. 

It follows that the vanishing of the integral implies that = 0 and as the tangent 

space of Z' at a given point can be chosen arbitrarily (assuming L ample enough), this 
implies that = 0. (Of course, if Z is smooth, we can directly apply the second 

Hodge-Riemann relations to Z.) 

□ 


We thus make the following definition 

Definition 1.5. A coisotropic class on X of degree 2i is a Hodge class z of degree 2i which 
satisfies the condition 


[(7]”-*+^ Uz = 0 in ij2"+2(x,C). (14) 

The contents of Lemma HH is thus that an effective class is the class of a coisotropic 
subvariety if and only if it is coisotropic. 

Remark 1.6. It is not known if the class c is algebraic. However it is known to be 
algebraic for those X which are deformations of Hilb"(iL3) (see [H]). In general how¬ 
ever, the class C 2 {X) is of course always algebraic and its projection to S‘^H‘^{X,Q) is a 
nonzero multiple of c. (This projection is well-defined, using the canonical decomposition 
H^iX, Q) ^ S^H^iX, Q) © Q)^.) 

Formula (fHl) in Definition 11.51 may give the feeling that the space of coisotropic classes 
depends on the period point [tr] G H^{X,C). This is not true, as we are going to show, 
at least if we restrict to classes which can be written as polynomials P{c, Ij) involving only 
divisor classes and the class c, and X is very general in moduli. 

To state the next theorem, we need to introduce some notation. Let H'^{X,<Q)tr C 
H^{X,Q) be the orthogonal complement of NS(X)q = Hdg^(X,Q) with respect to the 
Beauville-Bogomolov form q, and let QH'^{X,C)tr C H‘^{X,Q)tr be the quadric defined by 
q. The Q-vector space iL^(X, Q) splits as the orthogonal direct sum 

H^iX,Q)tr ©^ NS(X)q, 

and it is immediate to check that c G S^H^{X,Q) decomposes as 

C — Ctr © Calg^ 

where Ctr € S^H‘^{X,Q)tr and Caig G 5'^NS(X)q. 

If is a projective hyper-Kahler manifold, let p := p{X). We will say that X is very 
general if X corresponds to a very general point in the family of deformations of X preserving 
NS(X), that is, with Picard number at least p. 

Theorem 1.7. Assume X is very general; then the following hold. 

(i) A Hodge class z G Hdg^*(X, Q) is coisotropic if and only if 

Uz = 0 iniL2™+2(^^q (15) 


for any a G QH^{X,C)tr. 

(a) If z = P{c,lj) is a polynomial as above, z is coisotropic if and only if, for any 
a G QH‘^{X, C)tr, for any fd G H‘^{X, Q), 

fx 

^n -,+1 ^ ^n -1 u ^ = 0 in H‘^^(X, C) © C. 
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(16) 


(Hi) If p{X) = 1, the space of coisotropic classes which are polynomials P{cJ), I € 
NS(X), is of dimension > 1, for any 0 < i < n. If p{X) = 2, it has dimension > i + 1. 

(iv) If I is an ample class on X, a nonzero coisotropic class 

z = XoP + XiP-^Ctr + ... + j := [i/2] 

has Ao ^ 0. In particular, the space of such classes has dimension 1. 

Proof, (i) As X is very general, its period point [a] is a very general point of QIl‘^{X,C)tr 
and it follows that the Mumford-Tate group MT{X) of the Hodge structure on II^{X,Q)tr 
is equal to the orthogonal group SO[H'^{X,Q)tr,q). Denote by < QH‘^{X,C)/~''~^^ > 
the complex vector subspace of generated by for all x satisfying 

q{x) = 0. This vector space is defined over Q, that is, it is the complexification of a Q-vector 
subspace 

< QH^{X,Q)/-^+^ >c S^-^+^H\X,Q)tr, 

and it is in fact a sub-Hodge structure of Q);^- This Hodge structure is 

simple under our assumption. Indeed, the Mumford-Tate group XIT{X) is the full orthog¬ 
onal group SO{H'^{X,Q)tr,q) and < QH^{X,C)/-^+^ > is an irreducible representation 
of SO{H‘^{X,<C)tr,q). This implies a fortiori that < > is an irreducible 

representation of SO{II^{X, Q)tr, q), and the simplicity of the Hodge structure follows since 
by definition of the Mumford-Tate group MT{X), sub-Hodge structures correspond to sub¬ 
representations of MT{X). The proof of (i) is now immediate. First of all, by (IT4l) . a Hodge 
class z of degree 2i on X is a coisotropic class if and only if 

y 2 = 0 in C). (17) 

An equivalent way of stating this property is to say that the class 

[ct]”-*+i e< Qi7^(X,C)^-*+i > 

is annihilated by the morphism of Hodge structures 


U z :< QH‘^{X, H^^+^{X, Q). (18) 

As the Hodge structure on the left is simple, this morphism is either injective or identically 
0, so the vanishing CZl) is equivalent to the vanishing of Uz in (ITS)) . 

(ii) We know by (i) that z is coisotropic if and only if U z = 0 in Q) 

for any a G QII^{X,C)tr. On the other hand, as the class c belongs to S^II^{X,<Q), 
the class z = P{c,lj), Ij G NS(A), belongs to the image of S''H^{X,Q) in iJ^*(A,Q). 
We now use the results of [5] which say that the subalgebra of 77* (A, Q) generated by 
77^ (A, Q) is Gorenstein, that is self-dual with respect to Poincare duality. Hence a class 
^n-i+i y with z = P(c,jj), vanishes if and only if its cup-product with any class in 
S'"“^77^(A,Q) C 77^”“^(A,Q) vanishes, which is exactly statement (ii). 

(iii) As shown by Fujiki m, it follows from formula (flO)) that for any I, e € 77^(A, Q), 
and any polynomial P{c,l,e) of weighted degree i, there exists a polynomial R depending 
only on P, in the variables q(a,l), q(a,e), q[a), q[l3,l), q[/3,e), q{l3),q{a, /3), such that for 
any a, /3 G 77^(A, Q), 

[ U U P{c, I, e) = 7?(g(a, /), q{a, e), q{a), q{j3, /), q{j3, e), q{j3), q{a, j3)). (19) 

Jx 

Assume now that a G (577^(A, Q)t^ and I, e form a basis of NS(A) (so p{X) = 2). Then 

q{a) = 0, q{a, e) = 0, q{a, 1) = 0 
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( 20 ) 


and thus (ITOl) becomes 




Uy3"-i uP(c,Z,e) 


fX 


Ro{q{P, l), <?(/3, e), (?(/3), q{a, /3)), 


where Rq is the restriction of R to the subspace where the first three coordinates vanish. 
The left hand side is homogeneous of degree n — i + 1 in a and homogeneous of degree n — 1 
in /3, so we conclude that the right hand side has to be of the form 


q{a, /?)” /), g(/3, e), g(/3)), 


where the polynomial Ri has to be homogeneous of degree i — 2 in /3, hence Ri has to be of 
weighted degree i — 2 in the three variables q{l3,1), q{/3, e) of degree 1 and g(/3) of degree 2. 
In conclusion, the space of coisotropic classes z which can be written as polynomials in c, I 
and e is the kernel of the linear map P ^ Ri which sends the space ITj 11 of polynomials of 
weighted degree i in the variables c, I, e to the space of polynomials of weighted degree 

z —2 in q[j3), q{P, /), g(/3, e). Thus its kernel has dimension > dim IT 2 ^ ^ — dim = z + 1. 

The argument when p{X) = 1 is exactly the same, except that there is only one variable 
I instead of the two variables I, e. We conclude as before that the space of coisotropic classes 
z which can be written as polynomials in c, I has dimension > dimW| ^ — dimW^^^ = 1. 


(iv) Writing z as a polynomial in Ctr and I, the non-vanishing of the P coefficient is 
equivalent to the fact that z is not of the form ctr U z', for some Hodge class z' of degree 
2z — 4. So assume that z = Ctr^ z’ is coisotropic. One then has 

u U z' = 0 in C). (21) 

We now have the following lemma 

Lemma 1.8. The cup-product map 

Uctr : H^"-^{X,C) H^^+^{X,C) 

is injective on the subspace S’^~^H'^{X,C) C C). 

Proof. We first claim that the cup-product map 

Uc : H^'^-^{X,C) ij2’"+2(X,C) 

is injective on the subspace S'^~^H^{X,C) C H^'^~^{X,C). (Note that this is equivalent 
to saying that it induces an isomorphism between C) C C and the 

subspace of 77^"+^(W, C) which is the image of C).) The claim follows from the 

fact that the kernel of the map 

S^+^H^{X,C) ij2"+2(x,C) 

is according to [ 5 ] equal to < QH^{X,C) >„+i. On the other hand, representation theory 
of the orthogonal group shows that the natural map 

©fe < QH^{X,C) >n+i-2k^ S^+^H^{X,C) 

which is the multiplication by on < QH^{X,<C) >„+i_ 2 fc, is an isomorphism. Writing a 
similar decomposition for C) makes clear that the image of the multiplication 

by c from S’^~^H'^{X, C) to 5'”+^i7^(X, C) and the subspace < QH'^{X, C) >n+i have their 
intersection reduced to 0, This proves the claim. 

To conclude the proof, we observe that the intersection pairing q restricted to H^{X, C)tr 
is nondegenerate, and that Ctr & S‘^H^{X, C)tr is the analogue of the class c for [H'^ {X, C) tri q)- 
So Lemma 11.81 applies to the multiplication maps 

Ctr : S'^-^H\X,C)tr ^ S'^+^H^iX,C)tr/ < QH^{X,C)tr >k+l, (22) 
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showing they are all injective. 

To conclude, we observe that as H‘^{X,C) = H‘^{X,C)tr 0 G, the space S'^~^H'^{X,C) 
decomposes as 

S^-^H^iX, C) = C)tr, (23) 

and similarly 

^n+1^2(^^ C) = C)tr. (24) 

The three spaces S^-^H^{X,C), S^+^H^{X,C) and < QH^{X,C) >„+iC S^+^H^(X,C) 
are filtered by the respective subspaces 

l'=S"-^-'^H^iX,C), /'=5'”+i-'=i72(X,C), /'=S'”+^-'=i?2(X,C)n < QH^{X,C) >„+i, 

and denoting by L' these filtrations, it is easy to check that 

GrlS^-^H^{X, C) ^ S^-^-’^H^iX, C)tr, (25) 

GrlS^+^H"^iX,C) ^ S^+^-’^H^{X,C)tr, 

Grl < QH\X,C) >„+i^< QH\X,C)tr >„+i-k ■ 

The multiplication (or cup-product) map by Ctr is compatible with the filtrations L' (where 
we also use the induced filtration on the quotient {X, C)/ < QH‘^{X,C) >„+iC 

(^X, C)) and looking at the identifications (1^51) . we see that it induces between the 
graded pieces GrlS^-^H^{X,C), Gr’lS^+^H^{X,C)/ < QH^{X,C) >n+i the isomor¬ 
phisms 

Ctr : S^-^-^H^iX,C)tr = S^+^-'^H\X,C)tr/ < QH\X,C) >n+l-k 

of (EH). 

As the multiplication by Ctr induces an isomorphisms on each graded piece, it is an 
isomorphism. 

□ 

Using Lemma Fl.81 (I2f I) implies that 

^n-^+l y = 0 in C). (26) 

On the other hand, we know by i that the natural map S*H^{X, C) H*{X, C) is injective 
in degree * < n, so that (l26l) implies z' = 0, hence z = Q. So (iv) is proved. 

□ 


2 The case of mib^{K3) 

Let S' be a smooth surface and let xi,..., Xi S S be i different points. We then get rational 
maps 

5'h-4_^ 5'H^ 

2; {xi, ...,Xi}Uz, 

which is well-defined at the points z G parameterizing subschemes of S disjoint from 

the Xi’s. These maps induce morphisms CHo(SW) —CHo(S[”l). 

Remark 2.1. If we work with the symmetric products instead of the Hlbert schemes 
the indeterminacies of these maps do not appear anymore. Furthermore, as the Hilbert- 
Chow map has rationally connected fibers, CHo(S[^]) = CHo(S*^^'^). Finally, the fact that 

Sik) 

is a quotient allows to work with correspondences and Chow groups of despite 
their singularities (see [TO])- Because of this, for the computations below, we will work with 
the symmetric products, and this allows us to take Xi = ... = x^. 
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According to the remark above, we choose now a point o G S and do xi = ... = xt = o. 
We denote by (io) : —)■ the map z io+z. The elementary computations leading 

to the following result already appear in H, m. m. m- In the following statement, we 
denote by C x the correspondence 

= {(z,z') e X z < z'}. 

These correspondences induce morphisms 

where it is prudent here to take Chow groups with Q-coefficients, due to the singularities of 

S{k)_ 

Proposition 2.2. (i) The natural (but depending on o) decreasing filtration Ni defined on 
CHo( 5N) = CHo(5'(")) by 

Af,CHo(S'(”)) := Im ((zo)* : CHo(5'("-*)) ^ CHo(S'('^))) (27) 

induces a splitting 

CHo(5(")) = ©o<,<„(io),(CHo(5("-*))°), (28) 

where 

CHo(5(”-*))° := KeY{K-^-l,n-^ ■ CHo(5("-*)) ^ CHo(5(”-*-^))). 

(a) This splitting also induces a decomposition of each Nk-' 


iVfcCHo(5(”)) = ©i>fc(^o)4CHo(5("-*))°), 


(29) 


(Hi) If bi{S) = 0, this decomposition gives a decomposition of the Bloch-Beilinson filtration, 
in the sense that it is given by projectors Pi acting on CHo(S'^"^), the corresponding action 
on holomorphic forms being given by 

P* = Id on P* = don j^2n- 2i. 

Proof, (i) The proof is based on the following easy formula (see [26]): 

K-i,n ° (o). =Id+ {ofi O K-2,n-i ^ ^ CHq). (30) 

Note that in this formula, the first (o)* belongs to Horn (CHo(5'("“^)), CHo(S'("^)) and the 
second one belongs to Horn (CHo(5'(”“^^), CHo(S'("“^))). We deduce from this formula that 
if z = (o)h<(z') G Kerl]*_;^ „ n Im (o)*, then 


z' = -{ofioE*_,z'. 


(31) 


Thus z' G Im(o)*. Applying S *_2 „_i to both sides of equality (IHTl) and formula (1501) . one 
gets 

K-2,n-lZ' = -K-2,n-lZ' - (oUK-3,n-2 ° K-2,n-l^'), 

and applying (o)* again, one gets 

z' = -(ofi O E:_ 2 ,„_iz' = i(2o),(E:_3,„_2 O E:_2 ,„_iz'), 

so that in fact z' G Im (2o)*. Iterating this argument, we finally conclude that z = 0. 

On the other hand, any cycle in is the image of a 0-cycle in S'" and each point of 
S" can be written (as a 0-cycle of S") as 


(xi,...,Xn) =pr*(xi -o) ■ ... -pr^lxn -o)+z' 


(32) 
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where z' = ruz^ is a cycle of 5'" supported on points z[ = (z' , z- having at least 

one factor equal to o. Projecting to 5^"^ we conclude that every 0-cycle in is the sum 
of a 0 -cycle in Im (o)*, and of a 0 -cycle {xi — o) *... * {xn — o), where the ^-product used here 
is the external product appearing in (1321) followed by the projection to It is immediate 
to check that (a:i — o) * ... * (x„ — o) is annihilated by E *_2 and thus we get the existence 
of a decomposition 

CHo(5("))=Im(o),+KerE:_i_„, (33) 

this decomposition being in fact a direct sum decomposition by the previous argument. 
Using the decomposition (1551) . (i) is proved by induction. 

(ii) This follows directly from the definition of Nk and the decomposition (1281) applied 
to 

(iii) We work by induction on n. We observe that the proof of (i) shows that 

Ker(E:_i^„ : CHo(5(")) ^ CHo(5("-i))) 
identifies for n > 0 to the image of the map 

: Sym"(CHo(5)o) ^ 

induced by the ^-product, where CHo(S')o denotes the group of 0 -cycles of degree 0 . Further¬ 
more, we have a projector from CHo(5'("^) to Im*„, which to xi -I-...-I- associates the 
cycle (xi — o) * ... * (xn — o). This projector annihilates Im (o* : CHo(5'("“^)) CHo(S'("’))) 

and it is thus the projector on the summand Ker(E*_]^ „) in the decomposition (1551) . Fi¬ 
nally, we note that acts as the identity on the space = Sym"iJ^’°(5') and as 

0 on the spaces of holomorphic forms of even degree < 2n. 

□ 

Remark 2.3. Under the assumption made in (iii), (or rather S'!"!) has no nonzero 
odd degree holomorphic form. For this reason, the Bloch-Beilinson filtration on CHo(S'["]) 
jumps only in even degree, that is U|'^gCHo(S'[”l) = U^-^^^CHo(S'f"']). It is thus more nat¬ 
ural in this case and also in the case of hyper-Kahler varieties to work with the filtration 
U'^^CHo(5'[”l) := F|’ 0 CHo(S'[” 1 ), whose graded pieces are governed by the ( 2 z, 0 )-forms. 

Remark 2.4. One may prefer to use Proposition 12.21 (ii) as giving a construction of the 
Bloch-Beilinson filtration on CHo(S'["l), where S is any surface with q = 0. One 

remark is that, putting 

F'bbCHo(5W) =F'bbCHo( 5(”)) :=©fc<„_,(/co)4CHo(5('^-'=))°) 

the filtration does not depend on the choice of the point o. 

With this notation. Proposition 12.21 (ii) implies that the fitrations N and F'^^ are 
opposite, in the sense that the natural composite map 

Af,CHo(5'[’^l) ^ CHo(5'[’"l) ^ CHo(5'["])/^^ bb"^^CHo(5'[’^1) 

is an isomorphism. Let now S' be a projective K3 surface and let 05 G CHo(S) be the 
canonical 0-cycle of degree 1 on S which is introduced in [1]. We choose for o any point 
representing the cycle 03 and conclude that the filtration N. appearing in Proposition l2.2l is 
canonically defined on CHo(S["l). 

The following is obtained by reinterpreting Theorem 2.1 of [25]: 

Theorem 2.5. Let X = Then the filtration N. introduced above and the filtration S. 
introduced in Defi,nition \0.2\ coincide on CHo(X). 
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Proof. Let x S SiX. This means by definition that there exists a subvariety Wx C X 
which is of dimension at least i, such that all points in Wx are rationally equivalent to x 
in X. A fortiori, the degree n effective 0-cycles of S parameterized by Wx are constant in 
CHo(S'), since they are obtained by applying the universal subvariety C S'!”! x S, seen as 
a correspondence between = X and S, to the points of Wx- We now apply the following 
result of [5^ (Theorem 2.1 and Variant 2.4). 

Theorem 2.6. Let S be a projective K3 surface and let Z C 5'^”^ be a subvariety of dimen¬ 
sion i, such that all the degree i effective 0-cycles of S parameterized by Z are rationally 
equivalent in S. Then for some constant cycle curve C G S, the imaqe of Z in 5"^"^ intersects 

C(i) ^ s(n)^ 

We apply this result to Wx and conclude that the image Wx of Wx in intersects 
C7(0 + 5("-i) c in a point z. As all points in Wx are rationally equivalent to a; in A, 
the image x of x in is rationally equivalent in to z S -I- But for any 

such point, which is of the form z = z\ -\- Z 2 with Zi effective of degree i supported in C, 

^2 e S(n-r) 

, we have Zi = Xj, Xj € C C S, hence xj is rationally equivalent to os in S, 
and thus Xj + Z2 is rationally equivalent in to the point ios -f ^ 2 - We conclude that 
z, hence also x, is rationally equivalent in to a point in the image of the map ios, so 
that its class in CHo(5'(”)) = CHo(5'[”i) = CHo(A) belongs to 5'*CHo(A). 

The reverse inclusion is obvious since for any constant cycle curve C G S, a point 
z = ios -\- z', z' G S{n-^) 

in Im(ios : 5^" —)• contains in its orbit the f-dimensional 

subvariety -I- z' which lifts to an z-dimensional subvariety of A, so that any lift of 2 to 
A belongs to SiX. 

□ 

This result suggests that the filtration S., which is defined for any variety, could be in 
the case of general hyper-Kahler manifolds the natural substitute for the filtration N. (which 
was defined only for Hilbert schemes of surfaces). We will formulate this more explicitly in 
Section [3l 

3 Conjectures on the Chow groups of hyper-Kahler va¬ 
rieties 

Let A be a hyper-Kahler projective manifold. We have the notion of coisotropic class intro¬ 
duced in Definition ll.5l We proved in Section[T]that the class of a codimension i subvariety Z 
of A contained in SiX is coisotropic (see Theorem 11.31 which proves a stronger statement). 
The computations made in Section 11.11 (see Theorem 11.71) show that nonzero coisotropic 
Hodge classes always exist (and even nonzero coisotropic algebraic classes, assuming the 
algebraicity of the class c, see Remark ll.61) . Let us state the following more precise version 
of Conjecture 10.41 

Conjecture 3.1. For any X as above and any i < n, the space of coisotropic classes of 
degree 2i is generated over Q by classes of codimension i subvarieties Z of X contained in 

sa. 

Remark 3.2. It might even be true, as suggested by the work of Charles and Pacienza [5], 
that the space of coisotropic classes of degree 2i is generated over Q by classes of codimension 
i subvarieties Z of A which are swept-out by i-dimensional rationally connected varieties. 

Remark 3.3. There are three different problems hidden in Conjecture 13. II 

1) The Hodge conjecture: one has to prove that coisotropic Hodge classes are algebraic. 

2) The existence problem for coisotropic subvarieties: one has to prove that the classes 
of coisotropic subvarieties generate the space of coisotropic classes. As the previous one, 
this problem does not appear for divisors, as all divisors are coisotropic. 
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3) The existence problem for algebraically coisotropic subvarieties, and even algebraically 
coisotropic subvarieties obtained as codimension i components of SiX. The last problem is 
unsolved even for divisors, but there are progresses in this case (for example the problem is 
solved by Charles-Pacienza if X is a deformation of Hilb(isr3)). 

Let us prove the following conditional result. 

Theorem 3.4. Assume X satisfies Coniecture \S . 1{ Then 

^,CHo(X) = lm{z: CH,(X) ^ CHo(X)), 

for any adequate combination z = '^jnjZj € CH*(X) of classes of subvarieties Zj C SiX 
of codimension i in X, such that the class [z] is a nonzero polynomial in c and an ample 
divisor class I € NS(X). 

Proof Note first of all that such a z exists if Conjecture 13.II holds, since Theorem II.71 shows 
the existence of a nonzero coisotropic class which is a polynomial in c and any given ample 
class 1. 

Next, for any such z, the inclusion Im {z : CHi(X) —CHo(X)) C 5'iCHo(X) is obvious, 
since Supp z C SiX and by definition 5'iCHo(X) is generated by the classes of the points in 

sa- 

Let us prove the inclusion C. Let x G SiX. By assumption, there exists an ^-dimensional 
subvariety Wx C X all of whose points are rationally equivalent to x in X. We claim that 
deg(Wa; ■ z) 0. Assuming the claim, Wx ■ z € CHo(X) is a 0-cycle of degree different from 
0 supported on Wx, hence a nonzero multiple of x € CHo(X). This gives us the inclusion 

5'*CHo(X) C Im(z : CH*(X) ^ CHo(X)) 

since by definition 5'iCHo(X) is generated by the classes of such points x. 

Let us prove the claim. We use the fact (see Corollary 11.21) that a constant cycle 
subvariety W is isotropic, that is = 0 as a form. Equivalently, the pull-back 

of cr to a desingularization W oi W has a vanishing class in iJ^(W,C). The Hodge 
structure on H'^{X,Q)tr being simple because h^’°(X) = 1, it follows that the restric¬ 
tion map H'^{X,Q)tr —>■ iL^(W,Q) vanishes identically. This implies that the class Ctr, 
which by construction belongs to S^H‘^{X,Q)tr C iL^(X,Q), vanishes in H^{W,Q). As 
we know by Theorem 11.71 (iv) that [z] = XP + CtrP~^ + ■■■, with A ^ 0, we get that 
deg(W • z) = Adeg(W • P) 0. 

□ 

This result suggests that Beauville’s conjectural splitting of the Bloch-Beilinson filtration 
could be obtained by considering the action of the classes in CH(A) of codimension i sub- 
varieties of X contained in SiX. More precisely, we would like to impose the following rule: 
Let C 2 n-i(X) C CH*(X) be the Q-vector space generated by codimension i components of 
S^X. 

(*) The subspace C 2 n-i{X) C CH*(X) is contained in the 0-th piece CH*(X)o of the 
Beauville conjectural splitting. 

For this to be compatible with multiplicativity (and the axiom that = CHhom), 

one needs to prove the following concrete conjecture: 

Conjecture 3.5. Let X be hyper-Kdhler of dimension 2n. Then the cycle class map is 
injective on the subalgebra of CW(X) generated by (S)iC 2 n-i{X). 

Restricting to the Q vector subspace Z 2 n-i{X) of CH*(X) generated by codimension i 
subvarieties contained in SiX for any given i, we have to prove in particular: 
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Conjecture 3.6. For any i such that 0 < i < n, the cycle class map is injective on the 
Q-vector subspace C 2 n-iiX) of ClV{X). 

In particular, for i = n, 2n = dimX, the cycle class map is injective on the subspace 
Cn(X) generated by classes in CH(X) of constant cycle Lagrangian subvarieties of X. 

An evidence for this conjecture is provided by Proposition 14.71 which establishes it for 
the Fano variety of lines of a cubic fourfold. 

A last conjecture suggested by the results in Section [5] concerns the possibility of con¬ 
structing the conjectural Beauville decomposition from the filtration S. studied in the pre¬ 
vious section, at least on some part of CH(A). Here we assume of course the existence of 
the Bloch-Beilinson filtration. First of all, let us consider the case of CHq. 

Conjecture 3.7. Let X be hyper-Kdhler of dimension 2n. For any integer i such that 
0 < i < n, the filtration S. is opposite to the filtration Fgg in the sense that 

A,CHo(A) ^ CHo(X)/F'”b^'cHo(A) = 0. 

The main evidences for this conjecture are the cases of S'!"!, where A is a K3 surface (see 
Sections [2] and ID) and of the Fano variety of lines of a cubic fourfold (see Proposition 14.51) . 
for which we already have candidates for the Bloch-Beilinson filtrations. 

Remark 3.8. In the case i = n, Conjecture 13.71 takes a more concrete form which does not 
assume the existence of the Bloch-Beilinson filtration. Indeed, we then have F'lj;+^CRo{X) = 
F^gCllo{X) = CHo(A)/iom and we are considering 0-cycles supported on constant cycles 
Lagrangian subvarieties. The conjecture is that they are rationally equivalent to 0 if and 
only if they are of degree 0. 

The following observation illustrates the importance of Conjecture 10.41 for our construc¬ 
tions: 

Lemma 3.9. Assuming Conjecture \0.4[ the map 

A,CHo(A) ^ CHo(A)/F'”b+'cHo(X) (34) 


is surjective. 

Proof. First we claim that for any component Z of codimension i of SiX, the pull-back map 

H°{X, H\z,n^~) 

is injective for I < 2{n — i), where Z is a desingularization of Z. Indeed, the space H^{X, Ll^x) 
is equal to 0 for odd I and is generated by the form cr* for I = 21'. The form a being 
everywhere nondegenerate, the rank of is at least 2n — 2i, which implies that cr"“® 

does not vanish in H^{Z, 

By the general axioms concerning the Bloch-Beilinson filtration, the claim above guar¬ 
antees the surjectivity of the map (1341) . □ 

Conjecture 13.71 thus concerns the injectivity of this map. One case would be also an easy 
consequence of Conjecture 13.11 

Lemma 3.10. (i) (Charles-Pacienza f^] Conjecture \3. 7| holds for constant Lagrangian sur¬ 
faces in very general algebraic deformations o/Hilb^(S'). 

(ii) More generally, Conjecture \3. 1\ holds for i = n if X contains a constant Lagrangian 
subvariety which is connected and of class XnF + Xn- 2 Ctrl'^~^ + ... for some ample class 
I G NS(A). 
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Proof. By Remark 13.81 what we have to prove when i = n is the equality 

5„CHo(X)nCHo(X)^„„ = 0. 

In both cases (i) and (ii), we have the existence of a connected Lagrangian constant cycle 
subvariety W <Z X oi class w = \nl'^ + + ..., where I is an ample divisor 

class on X and A„ ^ 0. (In the case (i), this is because all Lagrangian surfaces have their 
class proportional to XP + Ctr, and in case (ii) this follows from our assumptions, using 
Theorem 11.71 (iv)). The same argument as in the proof of Theorem 13.41 then shows that for 
any Lagrangian constant cycle subvariety T C X, one has deg(r ■ W) ^ 0. It follows that 
r n IT ^0, and thus that any point of T is rationally equivalent in X to any point of W. 
Thus 5„CHo(X) = Q, and ^„CHo(X) n CRo{X)hom = 0. 

□ 

Another small evidence for Conjecture 13.71 is provided by the following result: If z is the 
class of any subvariety of X contained in StX and of codimension i, and T G CH^"~^(X) 
is any cycle, z • T belongs to S'iCHo(Al). Hence if L € we have z • T G 

n S'iCHo(AL) and Conjecture 13.71 then predicts that 

z-r = 0in CHq(X). 

This is in fact true, as shows the following result (which assumes the existence of the Bloch- 
Beilinson filtration): 

Proposition 3.11. Let Z C X be a codimension i subvariety contained in SiX. Then the 
intersection product 

Z : F|”-2*+1CH2”"*(^) CHo(A:) 

vanishes identically. 

Proof. We use Theorem 11.31 (ii) which says that a desingularization Z A- AT of Z admits a 
fibration 

p : Z ^ B 

where dimi? = 2n — 2i, and the i-dimensional fibers of p map via i to constant cycle 
subvarieties of X. It follows that the morphism 

: CHo(Z) CHo(X) 

factors through CHo(i?). Indeed, let H' C be generically finite of degree N over B, and 
let p' : B' ^ B he the restriction of p. Then for any point z G Z, one has 

1 ~ 

i*iz) = JfPiP iP*z)) in CHo(X), 
which provides the desired factorization. 

Now, for T G h&s Z ■ T = f*(Tr). As TT G F2"-2*+1 CHo(Z), 

one has p*(i*r) G F^"“^®+^CHo(i3) where the last space is equal to {0} because dimi? = 
2n — 2i. By the factorization above, this implies that i^,{i*^) = 0 in CHo(X). 

□ 


Conjecture 13.71 would allow to construct the Beauville decomposition on CHo(X) as 

CHo(X)2fe = ^„_fcCHo(X) n F'bbCHo(X), CHo(X)2fc+i = 0, 

and we would have equivalently 

.5,CHo(X) = ©,<„_,CHo(X)2j, 
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F'bbCHo(X) = ©,>.CHo(X)2j. 

If we try to extend this construction to other cycles, having in mind that the Beauville de¬ 
composition is supposed to be multiplicative and have the divisor classes in its 0 -th piece, the 
following proposal seems to be compatible with Theorem 13.41 and the previous assignments: 
From a decomposition 


C+(A) = ©o<,<fcC+(A), 

(35) 

with 


F]jbC+(A) = ©,<,<feC+(A)„ 

(36) 

one can construct another decreasing filtration T defined by 


TW{X) = (Bo<j<k-zCii^iX)j. 

(37) 


One clearly has 

= T^-^CR^{X) n F^^CH'=(X). 

Conversely, a decreasing filtration T which is opposite to the filtration Fbb in the sense that 

leads to a decomposition (1551) satisfying (1551) and (1571) . 

For 0-cycles, we put T^®CHo(X) = S'iCHo(X) and assuming Coniecture l3.71 we have the 
desired decomposition. 

We now propose the following assignment for the filtration T : 

(**) Let T <Z X he an i-dimensional eonstant cycle subvariety. Then its class 7 G 
CH^n-z^X) belongs to r*CH(X). 


For a filtration T satisfying the assignment above to be opposite to the Bloch-Beilinson 
filtration, one needs the following: 

Conjecture 3.12. Let Ci{X) C CHi(X) = CH^" *(^) be the Q-vector space generated by 
constant cycle subvarieties of dimension i. Then the Bloch-Beilinson filtration Fbb satisfies 

F“+iC,(X)=0. (38) 


Note that the general finiteness condition for the Bloch-Beilinson filtration (see Section 
HTTI) is 

^2n—2+1 ^jj2n—2 q 


which is weaker than (l38ll . Note also that Conjecture 13.121 generalizes Conjecture 13.61 in the 
case of Lagrangian constant cycle subvarieties (i.e. the case i = n). Indeed, for i = one 
has 2 n - 2 f -f 1 = 1 , hence CT0'^-\X) = CH^”"*(^)w, and Conjecture 13.121 

says that the cycle class map is injective on the subspace of CH"(X) generated by classes 
of Lagrangian constant cycle subvarieties. 


Remark 3.13. The three conjectures 10.81 [3751 and 13. 121 can be unified as follows: Consider 
the inclusion SiX C X, and let S[X C SiX be the union of the components of SiX which 
are of codimension i m. X. According to Theorem 11.31 each component Z of S[X (or 
rather a birational model of it) admits a fibration Z ^ B into f-dimensional constant cycles 
subvarieties, with dimi? = 2n — 2i. For each such Z, we thus have a correspondence between 
B and X given by the two maps 


i : Z ^ X, p : Z ^ B, 
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and we thus have three maps, namely : 

1 ) : CHo(i?) —>■ CHo(X) factoring through p* : CHo(^) —S' CHo(i3) the natural map 
i : CHo(^) —>■ CHo(X) using the fact that the fibers of p map via i to constant cycles 
subvarieties of X; 

2 ) 

= U op* : CHo(B) ^ CH,(X), 

whose image is contained in the subgroup Ci{X) generated by classes of constant cycles 
subvarieties of dimension i; 

3) o p* : CH°(i3) —>■ CH®(X), whose image belongs to the subgroup C' 2 „_i(X). 

Observing that the Bloch-Beilinson filtration on CH(_B) satisfies 

= 0, FiCH°(S) = 0, 

for all Z, B’s as above and taking the disjoint union of all components Zj C X of 5''X, and 
of the corresponding Bj’s, our conjectures can be unified and even strengthened saying that 
the three maps above are strict for the Bloch-Beilinson filtrations. 

Remark 3.14. There are remarkable relations between these three maps, namely assuming 
B is connected, there are coefficients p, vi with z/; 0 depending on an ample class I such 

that 


Z^{a) ■ Z^{j) = ■ 7 ) in CHo(X), 

for any a € CH°(i?), 7 G CHo(R), and 

V ■ Z^('y) = z^ii*( 7 ) in CHo(X), 


(39) 


(40) 


for any 7 G CHo(i?). 

Both relations follow immediately from the fact that the fibers of p are constant cycles 
subvarieties of X, and they just say that that for any such fiber Zj, the intersection Z ■ Z^^ 
resp. • Zt is proportional to i*(t) in CHo(X). 

The relation (HOI) provides a close link between Conjectures 13.71 and Coniecture l3.12l (we 
assume here the existence of a Bloch-Beilinson filtration). 

Lemma 3.15. (i) One has KerZ* C Keri* C CHo(i?). 

(ii) Assuming Conjecture \3. 7[ for any codimension i component Z <Z X of SiX, and any 
0-cycle 7 G CHo(i3), one has the implications 

Z *7 G f2”-2*+1cH,(X) ^ 17(7) = 0 in CHo(X). 

In particular, if furthermore one has equality in (i), then 

Z ,7 G F2"-2»+1cH,(X) ^ Z ,7 = 0 in CH,(X), 

which is essentially Coniecture AS.lA 

Proof. Indeed, (i) is an obvious consequence of (|40)l . As for (ii), if ^,7 G F^”“^*+^CHi(X), 
then A(7) G F2"-2i+iCHo(X) by (gOl). Conjecture EJ] says now that CB^X) n 

S'iCHo(X) = 0, hence that A(CHo(i?)) fl A^”“^®+^CHo(X) = 0. This implies that i*( 7 ) = 

0. □ 

From a slightly different point of view, let us explain how Conjecture 13.121 would lead to 
multiplicativity statements for the associated decomposition. First of all, let us observe the 
following results along the same lines as Theorem 13.41 
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Lemma 3.16. (i) Let T C X be a constant cycle subvariety of dimension i. Then for any 
I e m{X) = Pic(X), TT G 5'*CHo(X) = T^^CIlo{X). 

(a) Assuming Conjecture 1^.11 /S'iCHo(X) = T^®CHo(X) is generated by products Z ■ F, 
where Z is a codimension i subvariety of X contained in SiX, and F a constant cycle 
subvariety of X of dimension i. 

Proof, (i) Indeed, as all points of F belong to SiX by definition, so does the 0-cycle 
which is supported on F. 

(ii) Let X G SiX and let Fj, be a constant cycle subvariety of dimension i. Then for any 
cycle 2 ; G such that deg (z ■ Fj,) ^ 0, z ■ € CHo(X) is a nonzero multiple of the 

class of any point of X supported on Fa,, hence of x. Assuming Conjecture 13.11 the same 
argument as in the proof of Theorem 13.41 shows that there is a combination z G Ci{X) of 
classes of codimension i subvarieties of X contained in SiX, such that deg (z • Fj,) 7 ^ 0 and 
thus the class of a; is a multiple in CHo(A) of 2 : • F, which shows that 5'iCHo(A) is generated 
by products Z ■ F, where Z G C 2 n-iiX), and F G Ci{X), since by definition 5'iCHo(A) is 
generated by the classes of points in SiX. The other inclusion is obvious since any cycle 
Z ■ F with Z C SiX of codimension i in X is supported on Z, hence belongs to 5'iCHo(X). 

□ 

Let now F be a constant cycle subvariety of dimension i. Then according to (**), the 
cycle F G should belong to T^CFl^"-\X) = (Bj< 2 n- 2 iCFl^"~\X)j. According 

to (*), the class z of any subvariety of X contained in SiX and of codimension i should be in 
CH*(X)o. By multiplicativity of the conjectural Beauville decomposition, one should have 

2 -rG©,< 2 „- 2 *CHo(X),, (41) 

the right hand side being equal to T^*CHo(X) = S'iCHo(A). Equation (IdTI) is in fact 
satisfied by the easy inclusion in Lemma 13.161 (ii), thus providing some evidence for the 
multiplicativity of the decomposition we started to construct. Similarly, if we take for z a 
degree i polynomial in divisor classes on X, then z should belong to CH*(X)o and thus we 
should have according to (**) and multiplicativity 

^ • F G ©j< 2 „- 2 zCHo(A)j = .S.CHo(X) 
which is proved in Lemma 13.161 (i). 


4 Examples 

The purpose of this section is to collect some examples providing evidences for the conjectures 
proposed in this paper. 

4.1 The case of Hilb(ii'3) 

We first examine Conjecture 13.11 concerning the existence of many algebraic coisotropic 
subvarieties obtained as codimension i components of SiX. 

Let us consider a very general algebraic Ki surface S, so that NS(S') has rank 1 and is 
generated by the class of L G Tics', and let X := Sl"l. The Neron-Severi group NS(X) has 
then rank 2, and is generated over Q by the class e of the exceptional divisor and the class 
I of the pull-back to X, via the Hilbert-Chow morphism 

s : A = S[”l ^ S(”) 

of the divisor C + C S^"^ where C G \L\. 

1) Obvious examples of constant cycles subvarieties of X are provided by the fibers of 
s. It is indeed known that these fibers are rationally connected, so that they are constant 
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cycles subvarieties. We know that for each stratum C 5*-"^ determined by multiplicities 
/ii,..., /i; such that the inverse image s“^(/S'g^^) is of codimension i in S'!"!, and 

fibered into constant cycles subvarieties of dimension i, namely the fibers of s over points 
2 ; G Here the notation is as follows: The number i is equal to n — and is the 

locally closed stratum determined by /i, namely 

Sq := ^jXj, Xj G S, Xj ^ Xk, j ^ fc}. 

3 

The Zariski closure of s“^(5'g^^) in S'!") is thus an example of a codimension i algebraically 
coisotropic subvariety of fibered into i-dimensional constant cycles subvarieties, as stud¬ 
ied in Section [T] 

Ibis) With the same notation as above, let W C C be a codimension j sub- 
variety which is fibered by j-dimensional subvarieties Zt of which are constant cycles 
for 5^"^ in the sense that for each f, the natural map Zt CHo(S'^"^) is constant. Then 
the locally closed varieties s~^{Zt) C S'!”! are of dimension j + n — l{^) and they sweep-out 
the locally closed subvariety s“^(W) which has codimension n — l{^) -t- j. Hence its Zariski 
closure in X is algebraically coisotropic, fibered into constant cycles subvarieties. 

2) Starting from a constant cycle curve C G S, for example a rational curve, we can also 
get codimension i subvarieties of SiX, by taking the image of the rational map 

C(d X S'!"-*! —^ S'!"!, 

(2;, 2') !->■ 2; U z'. 


3) A more subtle example (which however does not work for all possible pairs {i,g), 
where = 2g — 2) is given by applying the Lazarsfeld construction [15] in any possible 
range for the Brill-Noether theory of smooth curves in \L\. Let us describe this construction 
in more detail. Let C G \L\ be smooth, and let \D\ G G^(C) be a base-point free pencil. By 
the main result of m, such a D exists if and only if 2{g — n -f 1) < g, that is g < 2n — 2. 
Let F be the rank 2 vector bundle on S which is defined as the kernel of the (surjective) 
evaluation map 

H%D)®Os ^Oc{D) 

and let E := F*. Then E fits in an exact sequence 

0 H°{D)* ®Os^E^ Kci-D) 0. 


It follows that 


/i°(S', A) = 2 -I- (/ — n -I- 1, degC 2 (A) = n, (42) 

so that 0-sets of sections of E provide constant cycles subvarieties of S'!") of dimension 
g + 2 — n (we observe here that E satisfies h^{S, E{—L)) = 0, hence any nonzero section of 
E has a 0-dimensional vanishing locus, so that the morphism E)) —>■ S'!"! is well- 

defined, obviously non-constant and thus finite to one onto its image). Let us now compute 
the dimension of the subvariety Z C we get by letting (C, D) deform in the space of 
pairs consisting of a curve C G \L\ and an effective divisor D which is a g^ on C. The 
curve C moves in the g-dimensional linear system \L\ and Oc{D) moves in the codimension 
2{g — n -I- 1) subvariety of the relative Picard variety Pic(C/|L|) which has dimension 2g 
(here C —^ \L\ is the universal curve; we work in fact over the open set parameterizing 
smooth curves, and we use Lazarsfeld’s theorem m saying that the dimensions are the 
expected ones). The choice of H G instead of the line bundle Oc{D) provides one more 
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parameter. This gives us a subvariety of dimension 2g+l — (2((;—n+l)) = 2n—1. 

Finally, the fiber over a point z G S'!"! of the surjective map W ^ Z obtained by restricting 
to W the natural morphism 

QinjB) g[n] 

identifies to the set of curves C G \L\ containing the 0-dimensional subscheme z C S, and 
this is a projective subspace of |L| = P® which is of dimension g — n+1 since these z’s impose 
exactly n — 1 conditions to \L\. We conclude that dim Z = 2n—l — {g — n + l) = 3n — g —2, 
and codim Z = ^ -|- 2 — n. Hence Z C S'g+ 2 -n^ and has codimension g + 2 — n. 

Remark 4.1. In this example, the base of the coisotropic fibration of Z is birationally 
equivalent to a moduli space of rank 2 vector bundles on S, hence to a possibly singular 
hyper-Kahler variety. This needs not to be the case in general. For example, there is a 
uniruled divisor in the variety of lines F" of a cubic fourfold which is uniruled over a surface 
of general type, namely the indeterminacy locus of the rational self-map (j) : F —-> F 
constructed in m (see also Subsection 14. 2 1) . 

4) For n = 2, S admits a covering by a 1-parameter family of elliptic curves. Each such 
curve E carries the “Beauville-Voisin” 0-cycle os, that is contains a point x that is rationally 
equivalent to os in S, and 2x moves in a pencil in E. This way we get a 2-dimensional orbit 
E of Os in which is a Lagrangian surface. 

4bis) We can combine construction 4) and the sum map 

g : X 

to construct codimension 2 subvarieties of S'!"! contained in : Namely, let E be as 

above, then for each z G the image ^(E x z) is a surface in S'!"! all of whose points 

are rationally equivalent in S'!"! hence /r(E x is contained in 5'2>S'f"'^. 

Let us now prove the following result, which is Conjecture 13.11 for degree 4 coisotropic 
classes on S a very general algebraic K3 surface. Note that the cases n = 2, 3, n > 4 
differ from the viewpoint of computing cohomology of degree 4. In the case n = 2, the degree 
4 cohomology (resp. the space of degree 4 Hodge classes) is equal to F['^ Q) (resp. is 
generated by c, Z, e), while for n > 3, by the results of de Cataldo and Migliorini [10], the 
cohomology of degree 4 of S'!"] is generated by S^F[^{S, Q) (coming from the cohomology of 
two copies of F[^{S,Q), (coming via the exceptional divisor from the cohomology of 
the codimension 2 stratum, which has for normalization ^ S) and by the classes of 

the codimension 2 subvarieties over strata of S, with = n — 2. If n = 3 there is 
only one such stratum and E^ in this case is the set of schemes of length 3 supported over 
the small diagonal. For n > 4, there are 2 codimension 4 strata in corresponding to the 
partitions 2, 2} and {1,..., 1, 3}, and we thus get two codimension 2 subvarieties 

E^,,,E^, in 5N,n>4. 

Proposition 4.2. Let S be a very general projective KS surface with Pieard number 1. 
Then for any integer n, the space of coisotropic classes of degree 4 on S'!"! is generated by 
classes of codimension 2 subvarieties contained in S' 2 S'[" 1 . 

Proof. First of all, it is immediate to see looking at the proof of Theorem ll.7l (iii) that for 
any very general X hyper-Kahler manifold with p{X) = 2, there is exactly a 3-dimensional 
space of isotropic classes which can be written as polynomials of weighted degree 2 in c, Z, e 
(that is, the inequality given in Theorem ll.7l (iii) is an equality). 

Now we first do the case n = 2. In this case, the algebraic cohomology of for S very 
general is given by polynomials of weighted degree 2 in c, /, e so it suffices to exhibit three 
surfaces contained in 828 '^^^ (that is, constant cycles surfaces) with independent classes. 
Construction Ibis) gives us such a surface, starting from a constant cycle curve C C 8 = 
As C and taking Ei = s“^(5') C E C The surface Ei is of class I ■ e. Construction 
2 gives us the surface E 2 = C and clearly the class of E 2 is not proportional to 
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the class of Si because the latter is annihilated by s* : while the 

former is not. Finally construction 4 gives us a constant cycle surface S 3 C The class 
of S 3 is not contained in the space generated by the classes of Si and S 2 because the latter 
are annihilated by the morphism 

where S C S' x is the incidence subvariety and pi, p 2 are the restrictions to S of the 
two projections, while the former is not. 

The general case follows by analyzing the coisotropic classes on Sl"! which are not poly¬ 
nomials in c, I, e. Indeed, for n > 4 (the case n = 3 is slightly different but can be ana¬ 
lyzed similarly), we observed that there are two extra degree 4 algebraic classes which are 
the classes of the varieties and - These two codimension 2 

subvarieties are coisotropic subvarieties fibered into constant cycle surfaces in hence 
contained in 828 ^^^ (see construction 1)), so we can work modulo their classes. Next, modulo 
these two classes, the algebraic cohomology of S'!"! supported on the exceptional divisor E 
is generated as follows: The normalization E oi E admits a morphism f to 8 x and 

a morphism j to S'!"). Then we have the two classes 

j*if*ipr*iCi{L))), j^{f*{prlci{Ln-2))) 

which are both classes of subvarieties of codimension 2 of S'!"! contained in 828 ’^'^^ because 
/ has generic fibers isomorphic to and choosing a constant cycle curve C C 8 which 
is a member of \L\, pr-j'ci(L) = C x is contained in 8 i{C x and similarly 

for pr 2 Ci{Ln- 2 )- We are thus reduced to study degree 2 algebraic isotropic classes on S'!"! 
modulo those which are supported on the exceptional divisor; it is immediate to see that 
they are generated by polynomials in c, I and e, and we then prove they are generated by 
classes of subvarieties of codimension 2 contained in starting from the case n = 2 and 
applying the sum construction. 

□ 

We now turn to the Chow-theoretic conjectures made in Section [H In this case, there 
exists a natural splitting of the Bloch-Beilinson filtration which is given by the de Cataldo- 
Migliorini decomposition [lOj and the decompositions of the motives of the ordinary self¬ 
products or symmetric products of 8 given by the choice of the class 03 G CHo(S') as in 
Section [2l This decomposition is multiplicative, as proved by Vial [24], hence is the obvious 
candidate for the Beauville decomposition in this case. 

We observe first that by definition, the induced decomposition on CHo is the one already 
described in Section [2] (see Proposition |22|), with o = 03 , for which Coniecture 10.81 has been 
proved to hold. 

Concerning the other conjectures, we deduce from the definition of the de Cataldo- 
Migliorini decomposition and from the construction 1), above a reduction of Conjectures [3^ 
and 13.121 to the case of ordinary self-products or symmetric products of 8 . 

Finally, we also have the following evidence for Conjecture [331 which immediately follows 
from the definition of the de Cataldo-Migliorini decomposition: 

Lemma 4.3. For any partition p of n, the codimension i subvarieties 

appearing in construction 1 ), with i = n — l{p), have their class in CH*(S'f”l)o. 

4.2 The Fano variety of lines in a cnbic fonrfold 

It is well-known since | 6 ] that the variety F of lines in a smooth cubic fourfold IF C P^ is a 
smooth hyper-Kahler fourfold which is a deformation of for a K3 surface 8 of genus 14 
(and an adequate polarization on The Chow ring of such varieties F has been studied 
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in |28j . confirming in particular Conjecture 10.II for them, and even its variant involving the 
Chern classes of F. This variety satisfies Conjecture 13.11 This is implied by the following 
result summarizing observations made in m. HH] ( or can be obtained as an application of 

i)- 

Proposition 4.4. Let W be a general smooth cubic fourfold, then 

(a) There are rational surfaces in F which can be obtained by considering the surface of 
lines in a hyperplane section of X with 5 nodes. 

(b) There is a uniruled divisor in X obtained as follows: F admits a rational self-map 
(j)p : F ---» F which is of degree 16. The exceptional divisor of a desingularization (f of 4> 
maps to a uniruled divisor in F. 

Note that for such an F, when W is very general, the degree 4 cohomology H'^{F,Q) 
is equal to S‘^H^{F,Q) and Hodge classes of degree 4 are linear combinations of P, C 2 {F), 
where I is the Pliicker polarization. This case is quite interesting because Shen and Vial 
constructed in [53] a “Beauville decomposition” of CH(i^). We now have the following 
proposition showing that our proposal to construct a decomposition on CHo(V), for X a 
general hyper-Kahler manifold fits well with their results: 

Proposition 4.5. For the Shen-Vial decomposition, one has 

SiCRoiF) = CHo(i^)o © CHo(F)2 , 

52 CHo(F) =CHo(F)o. 

In particular, F satisfies Conjecture \3. 7[ 

Proof. Indeed, [531 Proposition 19.5] says the following: Let E 2 C F be the surface of lines 
L C W such that there exists a everywhere tangent to W along L. The surface E 2 is 
clearly the indeterminacy locus of the rational map (f : F —F introduced above. 

Proposition 4.6. (Shen-Vial One has 

CHo(F)o © CHo(F )2 = Im (CHo(E 2 ) ^ CHo(F)). (43) 

On the other hand, the Shen-Vial decomposition is preserved by the map </)* and thus, 
if D is the uniruled divisor mentioned in Proposition 14.41 (b), that is, the image under the 
desingularized map : F ^ F oi the exceptional divisor over E 2 , one has 

Im(CH o(E 2 ) ^ CHo(F)) = Im(CHo(F) ^ CHo(F)) C S'iCHo(F). (44) 

Finally, if x G F belongs to S'lF, the orbit Ox contains a curve, which has to intersect D, as 
D is ample. Hence x is rationally equivalent in F to a point of D. Thus we conclude that 
S'iCHo(F) C Im(CHo(F>) —CHo(F)) so finally 

Im (CHo(F>) ^ CHo(F)) C 5'iCHo(F). (45) 

Combining (|^ . (H31) and (HI)) , we get 

5iCHo(F) = CHo(F)o © CHo(F )2 

as desired. 

The second statement follows from the fact that the group CHo(F)o of the Shen-Vial 
decomposition is generated by the canonical 0-cycle of F, which can be constructed (us¬ 
ing the results of [55]) by taking any 0 -cycle of of degree different from 0 , which can be 
expressed as a weighted degree 4 polynomial in 02 ( 6 ’) and I, where £ is the restriction to 
F C 0(1,5) of the universal rank 2 bundle on the Grassmannian G(l,5). However, the 
rational surfaces described in Proposition (TH] a) represent the class C 2 {£) in CH^(F). Thus 
Of, being supported on a rational surface, belongs to S' 2 CHo(F). This gives the inclusion 
CHo(F )2 C 5 ' 2 CHo(F) and the fact that this is an equality follows from Lemma 13.101 (ii) 
which implies that the right hand side is isomorphic to Q. □ 
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Let us finish this section with the following result: 

Proposition 4.7. Conjecture \ 3.6\ is satisfied by the variety of lines F of a cubic fourfold 
W, that is, the cycle class map is injective on the subgroup of CH^ (F) generated by constant 
cycles surfaces. 

Proof. It follows from [531 Proposition 21.10 and Section 20] that the group CH^(F) splits 
as 

CH2(i^) = CR^iF)o © CH2(F)2, 
where CH^(F )2 = Cil'^{F)hom is the image of the map 

h : Cllo{F)hom ^ CB.\F)hom 

induced by the codimension 2 incidence correspondence I G F x F. More precisely, it is 
proved in |23l proof of Proposition 21.10] that 

F{g^a) =-6a inClf{F) (46) 

for a e CR\F)hom. Suppose now that a G C 2 {F) is a combination of constant cycles 
surfaces which is homologous to 0. Then g^a = 0 in CHo(T') because F satisfies Conjecture 
13.71 It then follows from (l46ll that cr = 0. 

□ 

4.3 The case of the LLSS 8-folds 

Let again W he a cubic 4-fold. As mentioned in the previous section, the variety F := Fi {W) 
of lines in is a smooth hyper-Kahler fourfold. It is a deformation of for some A"3 
surfaces with adequate polarization, but for very general W, it has p{F) = 1. Much more 
recently, Lehn-Lehn-Sorger-van Straten proved in m that starting from the variety F 3 {W) 
of cubic rational curves in W, one can construct a hyper-Kahler 8-fold Z, which has Picard 
number 1 for very general W, and which has been proved in [I] to be a deformation of 
a hyper-Kahler manifold birationally equivalent to The variety Z is constructed by 

observing first that each cubic rational curve C G W moves in a 2-dimensional linear system 
in the cubic surface Sc =< C > CiW, where < C > is the generated by C. Finally there 
is a boundary divisor which can be contracted in the base of this P^-fibration on F 3 {W), and 
this produces the variety Z. Thus there is a morphism q : F^iW) —>■ Z which is birationally 
a P^-bundle. 

Let us prove the following result: 

Proposition 4.8. There is a degree 6 dominant rational map 

Ip : F X F —Z 


such that 


'4>*az = priUp —pr^crp- (47) 

Here az, resp. ap denotes the holomorphic 2-form of Z, resp. F. 

Proof. Let L, L' be two lines in W and denote by I, resp I' the corresponding points in 
F. Assume I, I' are general points of F; then L and L' are in general position in W and 
they generate a P|, £,/ :=< L,L' >. The surface Sl,l' ■= l' © 4F is a smooth cubic 
surface containing both L and L' and we claim that the linear system \Os{L — L')(l)| is a 
2-dimensional linear system of rational cubics on S. This can be verified by computing its 
self-intersection and intersection with but it is even easier by observing that for any 

choice of point x G L, the plane < x,L' > intersects L into one point, and intersects W 
along the union of the line L' and a residual conic C . Thus we get a member of this linear 
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system which is the union of L and of C' meeting in one point: this is a rational cubic curve. 
Note that for each pair {L, L') we get a = L of such curves. 

To compute the degree of the rational map '0 so constructed, we start from a cubic 
surface S G W with a 2-dimensional linear system of rational cubic curves. This system 
provides a birational map r : S' —>■ contracting 6 exceptional curves, which are lines in S. 
The curves in this linear system are the pull-backs of lines in P^, and they become reducible 
when the line passes through one of the 6 points blown-up by r. We thus get 6 P^’s of 
such curves which correspond to 6 possible choices of pairs (L, L'), each one giving rise to a 
P^ = T of reducible curves LVJxC. 

Let us finally prove formula (H7)) . In fact, we observe that according to the constructions 
of [5] and m, the 2-forms ap and p*az are deduced from the choice of a generator of 
the 1-dimensional vector space by applying the correspondences P C F x W, 

C3 C F 3 {X) X W given by the universal families of curves. Here p : F 3 {W) —Z is the 
forgetting morphism whose description has been sketched above. 

Next we observe that the rational map 0 has a lift 

01 : Pi -^FsiW) 

where pi : P x P = Pi —P x P is the pull-back by the first projection P x P —P of the 
universal P^-bundle P ^ F, and 0i associates to a general triple {l,x,l') with x G L, the 
cubic curve 

LUx C, 

where C C IT is the residual conic of L' contained in the plane < x, P' >. The equality 
of forms stated in (1471) is then a consequence of Mumford’s theorem m and the fact that 
if we restrict the universal family C3 to the divisor D in P3(IT) parameterizing reducible 
rational curves C 3 , = L U C, where C is a conic in X with residual line P', then for any 
{l,x,l') G P X F, the curve C 3 parametrized by 0i(/,a:,/') is rationally equivalent in W to 
P — P' up to a constant. It follows that we have the equality of forms pulled-back from W 
via the universal correspondences: 


Piiprlcrp -pr^ap) = il)l{p*az) in P°(Pi,H|,J. 

This immediately implies (|T7)l . □ 

Corollary 4.9. The LLSS varieties Z satisfy conjecture \0.4\ 

Proof. Indeed, the variety P satisfies conjecture 10.41 This follows either from which pro¬ 
vides uniruled divisors and constant cycles Lagrangian surfaces, or explicitly from Proposi¬ 
tion 1131 

Having algebraically coisotropic subvarieties Zi, Z 2 in P which are of respective codi¬ 
mensions 0, 0 and fibered into 0, resp. 0-dimensional constant cycles subvarieties of P, 
their product Zi x Z 2 is mapped by 0 onto a codimension 0 -|- 0 subvariety of Z, which 
is fibered into constant cycles subvarieties of dimension 0 -1-0. One just has to check that 
Zi X Z 2 is not contracted by 0, but because both P x P and Z have trivial canonical bundle, 
the ramification locus of a desingularization 0:PxP—>'Zof0is equal to the exceptional 
divisor of the birational map P x P —>■ P x P. So 0 is of maximal rank where it is defined, 
and one just has to check that 0 is well defined at the general points of the varieties Z^ x Z 2 
defined above. □ 

Remark 4.10. There is a natural uniruled divisor in Z that deserves a special study, namely 
the branch locus of the desingularization 0 : P x P Z of 0. This branch locus P is a 
non-empty divisor because Z is simply connected. It is the image of the ramification divisor 
of 0 which has to be equal to the exceptional divisor of P x P since both P x P and Z have 
trivial canonical divisor, and this is why D is uniruled. 
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